The dispersion relation of the Rayleigh-Taylor instability in the spherical geometry is of profound importance in the context of the Earth's core formation. Here we present a complete derivation of this dispersion relation for a self-gravitating two-layer viscous sphere. Such relation is, however, obtained through the solution of a complex transcendental equation, and it is difficult to gain physical insights directly from the transcendental equation itself. We thus also derive an empirical formula to compute the growth rate, by combining the Monte Carlo sampling of the relevant model parameter space with linear regression. Our analysis indicates that the growth rate of Rayleigh-Taylor instability is most sensitive to the viscosity of inner layer in a physical setting that is most relevant to the core formation.
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D E R I VAT I O N O F T H E D I S P E R S I O N R E L AT I O N
The governing equations for an incompressible viscous fluid include the equation of continuity
the equation of motion
and the constitutive relation
where U is the total velocity field, is the total stress, F is the body force, P is the total pressure, I is the identity operator, and μ is the dynamic viscosity. To focus on the linear Rayleigh-Taylor instability, we express the flow-related entities as first-order perturbations from the hydrostatic reference:
where [U 0 , 0 , P 0 , F 0 ] T and [u, σ, δp, f] T represent the hydrostatic reference state (U 0 is trivially zero) and the perturbed state, respectively. In the hydrostatic state, we may write the body force (gravity) as a gradient of potential that satisfies the Poisson equation:
where ρ 0 and G are the density of the reference state and the gravitational constant, respectively. We may solve the Poisson equation for the hydrostatic state (eq. 9) and obtain the unperturbed gravitational potential as
where ρ 1 , ρ 2 , R 1 and R 2 are the density of the inner layer, the density of the outer layer, the radius of the inner sphere, and the radius of the outer sphere, respectively (Fig. 1) . The hydrostatic state confirms the equality of the pressure gradient and the gravitational force:
which will be used in boundary conditions. Subtracting the hydrostatic reference state and neglecting higher order terms lead to
where f i arises solely due to density perturbation at the interfaces of two adjacent fluids, and it can also be represented as the gradient of a potential perturbation δ satisfying the Poisson equation:
where δρ is the perturbation to the reference density. Together with the perturbed eqs (13)- (17), we may write the equation of motion as where
The system of eqs (13)- (19) describing the dynamics of the perturbed state is used to calculate the growth rate of initial density perturbations.
In the 3-D spherical geometry, we expand the field variables in the spherical harmonics assuming the horizontal invariance of material properties (e.g. Chandrasekhar 1961)
Using this separation of variables, we solve for the perturbed gravitational potential generated through the deformation of the interface (assuming the outer surface of the sphere to be rigid):
We can also readily solve for the total perturbed potential by taking divergence of the eq. (18) and using the continuity eq. (13):
the solution of which may further be used to solve the equation of motion (18). However, before proceeding to solve the equation of motion, it is convenient to perform poloidal-toroidal decomposition in the spherical geometry (e.g. Chandrasekhar 1961) as we will only require the poloidal part for linear stability analysis. Using such decomposition, we may express the perturbed velocity field as
where S lm and T lm denote the poloidal and toroidal coefficients, respectively. Assuming u ∝ exp(σ t) in the linear regime with σ being the growth rate, the poloidal part of the equation of motion (eq. 18) may be written as the following second-order differential equation:
where ν and D denote the kinematic viscosity and the radial derivative, that is, d/dr, respectively. The complementary function and particular solution of the eq. (25) can be obtained for the inner and outer layers separately as linear combinations of modified Bessel functions:
where q 1 = σ /ν 1 , q 2 = σ /ν 2 , ν 1 and ν 2 are the viscosities of the inner and outer layers, respectively, and
T is a set of unknown constants to be obtained using the boundary conditions. The velocity field associated with the Rayleigh-Taylor instability may be obtained from the poloidal potential S lm . The radial (u r ) and transverse (u θ ) components are obtained as follows:
The stresses may be calculated from the velocities using the following constitutive relations:
It is essential to compute the stresses correctly, particularly the normal stress, as it is used in the discontinuity condition, which is directly related to the expression of the growth rate. The previously published result by Ida et al. (1989) uses an incorrect expression for the normal and tangential stresses (their eqs A-21 and A-22); a simple dimensional analysis reveals incompatibility between the both sides of these equations.
To make calculations simpler, we may express the velocities and stresses in the following manner:
where 
α 2 (r ) = 2(l + 1)(l − 1)r −5/2 I l+1/2 (q 2 r ) + (2l + 1)q 2 r −3/2 I l+3/2 (q 2 r ) + q
We are now ready to use boundary conditions to obtain the unknown coefficients. We assume the outer boundary to be rigid, that is, u r = u θ = 0 at r = R 2 . The inner boundary is assumed to be welded and hence the field variables are continuous across the deformed boundary. The first-order Taylor expansion leads to the continuity of the velocity and transverse stress across the r = R 1 boundary, that is, [u r ] R 1 +δr R 1 −δr = 0, and becomes discontinuous across r = R 1 due to the density jump. P 0 and δP may be calculated from eqs (12), (16), and (23). The rigid and continuous boundary conditions together with the orthonormality of the spherical harmonics form the following complete set of linear equations of the unknown coefficients for each (l, m) pair:
We may eliminate the several unknowns from these equations and obtain the following form:
where
and
We may write the relation between the amplitude of perturbation and the vertical velocity at the interface as
By noting that δr ∝ exp (σ t) in the linear regime, eqs (34) and (88) together with the six unknowns (i.e. A 1 -Q 3 ) may be combined to obtain the expression for the growth rate
This is a transcendental equation for σ , because its right-hand side depends on σ in a complex manner.
E X A M P L E S A N D A P P RO X I M AT E F O R M U L A
In this section, we provide examples of dispersion relation for several combinations of layer viscosities. It is convenient to present the growth rate in the dimensionless form, so we scale the growth rate with respect to the free fall rate as follows:
First, we fix the viscosity of the inner layer (i.e. μ 1 ) and compute the growth rate for a range of outer layer viscosity (i.e. μ 2 ). Similarly, we compute the growth rates for a range of inner layer viscosity keeping the viscosity of the outer layer constant. In both of these cases, the primary contributing factor turns out to be max (μ 1 , μ 2 ) (Fig. 2) . For μ 1 μ 2 , the translational mode approximately corresponds to the motion of a rigid sphere through a viscous fluid. The corresponding growth rate turns out to be the fastest; the inner rigid sphere almost instantaneously translates to a new position leading to an overall shift of the centre of mass. Viscosity variation therefore does not affect considerably the growth rate for this translational mode as long as μ 1 μ 2 (Figs 2a and b) . The growth rates of modes with l ≥ 2 exhibit nearly linear dependence on the inner layer viscosity (Fig. 2b) . In the case of μ 2 μ 1 , little variation in growth rate is observed with μ 1 , while growth rates associated with modes with small angular order (i.e. l < 5) vary linearly with μ 2 (Figs 2c and d) . However, the case of μ 2 μ 1 is not relevant in the context of core formation. In order to study the Rayleigh-Taylor instability associated with core formation in a comprehensive manner, it would be convenient to derive an approximate formula for the growth rate for the most important mode associated with the deformation of the interface. To derive such a formula, we explore the following parameter ranges: R 1 = 10 5 to 10 7 m, R = (R 2 − R 1 ) = 10 3 to 5 × 10 6 m, ρ 1 = 3 × 10 3 to 10 4 kg m −3 , δρ = (ρ 2 − ρ 1 ) = 10 3 to 10 4 kg m −3 , μ 1 = 10 15 to 10 25 Pa s, and μ 2 = 10 6 to 10 10 Pa s. First, we consider a reference case with R 1 = 10 6 m, R = 10 4.84 m, ρ 1 = 10 3.74 kg m −3 , δρ = 10 3.5 kg m −3 , μ 1 = 10 20 Pa s, and μ 2 = 10 8 Pa s. The model space to be explored can be defined around this reference case with the following standard deviation:
where x = [log 10 (R 1 ), log 10 (ρ 1 ), log 10 (δρ), log 10 ( R), log 10 (μ 1 ), log 10 (μ 2 )] T .
This model space is subjected to random sampling using the normal distribution, and a model vector (eq. 92) is constructed for each sample. This obtained set of random model vectors is then used to compute the growth rate corresponding to the l = 2 mode. An ensemble of growth rates is obtained through 200 such calculations. Despite the complexity of the transcendental equation (eq. 89), the growth rate is found to be predicted with reasonable accuracy using the following function: where X j is the mean subtracted input parameter that is normalized by the corresponding standard deviation (eq. 91). Constants a 0 through a 6 are estimated by least square regression: a 0 = −10.43, a 1 = 1.86, a 2 = 0.87, a 3 = 1.3, a 4 = 0.047, a 5 = −0.9752, and a 6 = −0.054. Fig. 3 demonstrates a reasonable correspondence between the predicted and actual values of growth rates for the aforementioned 200 computations. This way of summarizing enables us not only to see the sensitivity of the growth rate on the model parameters, but also to quickly compute the growth rate without doing the whole calculation. We suggest the following expression for the growth rate corresponding to the l = 2 mode: 
where R, ρ, μ and σ are in m, kg m −3 , Pa s and s −1 , respectively.
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